Abstract-Automotive engineers and researchers have proposed different topologies for series-parallel hybrid electric vehicles (SP-HEVs). The Toyota Hybrid System (THS) is the best known SP-HEV-based vehicle, but alternative solutions, such as electric variable transmission (EVT), have been also proposed. An efficient comparison between these different solutions is a key point to estimate the added value of each topology. This paper presents the application of optimal control to two series-parallel hybrid architectures for efficiency assessment purposes. The dynamic programming method is applied to the THS and to a virtual hybrid vehicle with an EVT. The way to take into account the supplementary degree of freedom provided by the decoupling of the wheels and the engine in both topologies is presented. The optimal fuel consumption is then compared on different driving cycles and brings out an overconsumption of the EVT topology. Then, a parametric study shows that inserting an appropriate gear ratio on the internal-combustion-engine (ICE) shaft can improve the EVT efficiency that becomes close to the THS efficiency.
plied by batteries, the efficiency of the vehicle is enhanced. Among the different hybrid powertrain architectures, full hybrid series-parallel architectures [i.e., series-parallel HEVs (SP-HEVs)] are one of the more advanced solutions to reduce fuel consumption [1] [2] [3] . These architectures allow splitting the power flow in a combined series and parallel way. Moreover, this kind of topology provides a possible decoupling of the wheel and the engine speed. Therefore, a supplementary degree of freedom can be used to optimize the engine operating points.
The series-parallel power-split vehicle Toyota Prius was the first SP-HEV with worldwide diffusion and remains until now as a reference for automotive hybridization [4] , [6] . However, other advanced SP-HEVs, such as the electric variable transmission (EVT), have been proposed in the literature but without an efficiency comparison with the existing SP-HEVs. This topology enables theoretically the same functionality as the THS but in a more compact way [7] [8] [9] [10] [11] .
The EVT has been studied and documented particularly for design purposes [11] [12] [13] [14] . Two main topologies are usually described using two electrical machines or one double-rotor integrated machine. A sizing and design approach aiming to replace the THS transmission by an EVT has been proposed in [11] . This study showed that the specifications of the maximum torque and power of the electrical machines are more or less the same in both SP-HEVs, namely, THS and EVT.
The efficiency assessment of these complex systems is not an easy task. One of the key issues is the energy management because it has an important impact on the fuel economy results. The rule-based THS management has been discussed in previous publications [15] and [16] . The same kind of a strategy has been adapted to EVT [11] and [17] . However, to compare the HEVs in their best fuel consumption, it is not appropriate to apply rule-based control methods because the results strongly depend on the control tuning [18] .
An optimal control method has been developed to perform a comparison of both topologies [19] . Using a system modeling approach, the dynamic programming method already applied to THS [4] , [20] and [21] has been extended to EVT. It shows that under, the assumption of using the same components, EVT fuel consumption is 10% higher than that of THS. An energetic analysis has been performed, and it shows that the main difference appears in the losses of the electrical machine EM2. It shows that the EM2 linked to the engine in EVT mainly operates in a high-torque and low-speed area with low efficiency. This paper investigates the possibility of inserting a gear on the engine shaft to change the EM2 operating area. First, the SP-HEV principle is presented in Section II. A reminder on dynamic programming and its application on SP-HEVs are then presented in Section III. The method to choose the engine operating point is detailed for each topology. In Section IV, the comparison between THS and EVT is then presented. Finally, a new EVT solution with gear shows that the fuel consumption of this architecture can be reduced to the level of THS.
II. SERIES-PARALLEL-HYBRID ELECTRIC VEHICLE

A. General Principle
In conventional vehicles, it is of high importance to have a device that enables the change of the ratio between engine speed and wheel speed. This is generally performed by a gearbox and a clutch, and sometimes, a mechanical continuous variable transmission is used to choose the engine operating point independently of the wheel speed.
In hybrid vehicles, the use of electrical machines, by transmitting the power flow electromagnetically, allows to decouple the engine and wheel speeds. A part of the power flow is thus an electrical series flow (see Fig. 1 ). A well-known way to split the engine flow is a mechanical coupling using a planetary gear, as in the Toyota Hybrid System (THS) (see Section II-B).
Another solution called EVT is used to split the power flow using an electrical machine with a rotating stator and a rotor (see Section II-C).
B. Mechanical Variable Solution: The THS
The THS is the most known SP-HEV architecture. It is composed of one electrical machine EM1 linked to the wheel (see Fig. 2 ), allowing the electrical mode. A planetary gear linked to the engine and the second electrical machine EM2 insures the splitting functionality. It is a relatively simple transmission, considering that no gearbox and no clutch are used. One drawback is that, in electrical mode, the planetary gear ring and, thus, the EM2 has to be in rotation. Moreover, the EM2 speed can frequently be high (near 10 000 r/min [4] ). This implies high losses in the machine, and sometimes, it can constrain the engine operation [4] .
C. EVT
The EVT (see Fig. 3 ) is an interesting solution as it only uses electrical machines to split the engine power flow. A solution is to link the external armature of the EM2 machine to the engine shaft and its rotor to the wheel. Thus, a rotating external armature has to be used and fed by power electronics. The EM2 speed (difference between engine speed and wheel speed) will determine the amount of energy split from the electrical network.
As in THS, the EM1 machine is linked to the final gear and will insure the electrical mode.
A more compact topology (see Fig. 4 ) can be made with only one double-rotor electrical machine [17] to ensure the split functionality. In a functional point of view, the two topologies behave exactly in the same way.
III. DYNAMIC PROGRAMMING APPLIED TO THE SERIES-PARALLEL-HYBRID ELECTRIC VEHICLE
Optimal management methods are a good way to compare the fuel consumption of hybrid architectures [21] and [23] and thus improve the systems. In this paper, the dynamic programming method has been used to compare the optimal fuel consumption of THS and EVT.
A. Dynamic Programming Applied to Hybrid Vehicles
Dynamic programming is frequently applied to hybrid vehicles to minimize the offline fuel consumption (or more complex criterion) on an a priori known driving cycle [20] and [21] .
In general, the optimization is based on a systemic approach and energetic models of different subsystems (see Section III-B).
In our study, optimization methods are applied using a backward approach [4] , which needs the knowledge of the driving cycle and the vehicle characteristics (inertia and resistant forces) and goes upstream from the wheels to the battery and the engine.
In the case of SP-HEVs, the optimal control has to determine the following:
-the share of power between batteries and the engine, i.e., the electric or hybrid mode and the amount of electric power in hybrid mode (see Section II-A); -the engine operating point, i.e., the engine speed and torque to maximize the overall system efficiency (see Section III-B2). To apply the dynamic programming method to hybrid vehicles, a battery state of charge (SOC) versus the time area is considered (see Fig. 5 ). The SOC is the state variable, and battery current I bat is the control variable. The area is meshed in time and SOC samples. The time is sampled in N steps of t e , the SOC is sampled in M steps between the minimum and maximum SOC values SOC min and SOC max .
The principle is to find the optimal battery SOC trajectory, which minimizes the fuel consumption along a driving cycle known in advance.
The points of two consecutive columns are linked by oriented edges associated with fuel consumption. This fuel consumption depends on the driving cycle conditions and the SOC variation between the two points of an edge.
Fuel consumption objective J can be considered during a driving cycle of N samples of time t e , i.e.,
where J(k, δ SOC ) is the instantaneous fuel rate for a given battery current and a given speed and torque of the wheels. The minimum of J is obtained for the optimal trajectory of SOC using the Bellman principle [22] .
Considering a given battery current from one SOC point to another, the fuel consumption on the edge between these two points has to be calculated using the vehicle model (see Section III-B). The battery current is easily calculated using the SOC variation between the beginning and the end of the edge δ SOC , i.e.,
where C bat is the battery capacity in ampere-hours, and η f is the Faraday efficiency. The SOC constraint imposing the final SOC is described by the graph construction in Fig. 5 . Using the maximum battery charge and discharge possibilities, the studying area is built to bring the SOC from its initial value to its final desired value.
The maximum charge and discharge currents are calculated using the system's model. For example, in all electric modes, the battery current is calculated in a backward direction from the wheels to the battery. If the necessary current is very high, electric mode is not possible, and maximum battery continuous current limits the discharge current.
To solve this problem, recurrent iterative methods using the Bellman principle [22] are currently used (see Fig. 6 ).
At each point of a column i 2 , the following equation is solved iteratively, starting at point (1, i 0 ) with a fuel consumption
where
is the instantaneous fuel consumption from a point of index (k, i 1 ) to a point of index (k + 1, i 2 ). For instance, we assume that it depends only on the SOC variation and vehicle speed (see Section II-B).
is the minimum fuel consumption from the beginning (time 0) to point (k, i 1 ) i.e., at time k for a state SOC(i 1 ).
Knowing the best trajectory, the control variable (I bat ) is easily deduced from the SOC evolution (2), and other variables (engine torque and speed, electrical motor torque and speed, etc.) are then deduced from the system model. The dynamic programming method described earlier can be applied to any HEV topology. In the case of SP-HEVs, an additional degree of freedom has to be considered. For a given battery current I bat and wheel torque and speed T r and ω r , a choice has to be previously done on the engine operating point to maximize the overall system efficiency, as presented in the following.
B. Case of SP-HEV 1) Mechanical and Electrical Relations in THS and EVT:
Here, we present the cost calculation on a given edge in the case of the THS (see Fig. 7 ) and the EVT (see Fig. 8 ).
The vehicle model is based on the VEHLIB library model [15] . The electrical machines and the inverters are modeled with efficiency maps and the engine with fuel consumption maps. The battery model consists of an equivalent electric circuit with open-circuit voltage E bat , internal serial resistance R bat , and Faraday efficiency η f . E bat depends on the SOC and the temperature, η f depends on the SOC and the current sign, and R bat depends on the SOC, the temperature, and the current sign, all using lookup tables obtained by experiments.
The temperature is fixed for all the driving cycle but is chosen at the beginning of the cycle. Nevertheless, no thermal model is used, and the parameters remain constant versus temperature during all the driving cycle.
On each edge of the graph, I bat , T r , and ω r are known. The equation of each component of the system has to be then used to calculate the engine operating point and, thus, its fuel consumption, on a backward manner.
From the wheel torque and speed constraints (T r , ω r ), one can easily deduce that where T r is the wheel torque, T f is the load torque calculated from the resistant forces, J veh is the overall inertia of the vehicle brought back to the wheels, and ω r is the wheel speed. Table I shows the equations for the two architectures. T ring is the torque on the planetary gear ring, T em1 is the torque on the EM1 shaft, η is the efficiency of the transmission (axle plus gear), R trans is the transmission ratio, and Sign(T r , ω r ) is the sign of the wheel power. Thus, the wheel torque is divided or multiplied by the gear efficiency, depending on the direction of the wheel power. T ice is the ICE torque, and η PG is the efficiency of the planetary gear. T em2 is the torque on the EM2 machine shaft (see Fig. 9 ). ω em1 , ω em2 , ω ring , and ω ice are the speeds of the electrical machines EM1 and EM2, the planetary ring, and the engine, respectively. R PG is the planetary gear ratio (R PG = −N teeth_ring /N teeth_sun ), with N teeth_ring and N teeth_sun being the teeth number of the ring and that of the sun gears.
The splitting power functionality is performed by the EM2 machine and the planetary gear in THS [see (7)-(9) in Table I ].
In EVT, EM2 torque strikes ICE torque [see (13) in Table I ]. The EM2 rotor speed is the same as EM1 speed, and the stator speed corresponds to the ICE speed. The difference between these two speeds [see (12) in Table I ] imposes the power derived by the electrical network.
The electrical network is the same in both architectures. The electrical node between the electrical machines and the battery gives
The relations concerning the electrical machines are obtained by a loss map model, i.e.,
where I em1 , I em2 , I acc , and I bat are the dc in the electrical inverters of the EM1 and EM2 electrical machines (considered as receptors), in the accessories, and in the battery (considered a generator), respectively. Note that the current in the accessories corresponds to a constant value of power consumed in the accessories and is fixed to 250 W.
Pt em1 and Pt em2 are the losses in the electrical machines and inverters, E is the open battery voltage, and R is the internal battery resistance that depends only on SOC and the battery current.
The problem is then to solve the SP-HEV system equations.
2) Choice of Engine Operating Point:
In THS considering (6)- (9) in Table I , (14)- (16), and I bat imposed by the strategy, we obtain seven equations and eight unknown variables (ω em2 , ω ice , T em2 , T ice , T ring , T em1 , I em2 , and I em1 ). This means that there is one degree of freedom. This degree of freedom allows choosing, for example, the engine speed to minimize the fuel consumption for a given edge (I bat , T r , and ω r imposed).
In EVT, the system is described by six equations (11)- (13) in Table I and (14)- (16), as well as seven unknown variables (ω em2 , ω ice , T ice , T em2 , T em1 , I em2 , and I em1 ). This means that, as in the THS, there is also one degree of freedom.
In both architectures, the engine speed is chosen as the variable to be fixed.
A possible solution to fix this degree of freedom is to use a predetermined engine torque versus speed curve [23] . This is the way used to develop the online rule-based management of the Prius II [15] , and the used curve is shown in Fig. 10 , which allows operating the engine in an efficient specific area. Nevertheless, the best engine-specific consumption is not obviously the best system operating point, taking into account the electrical machine losses [19] . Thus, it does not correspond to the minimum possible fuel consumption. Moreover, a predefined curve may be a good solution for THS but not for EVT.
Taking the previous remarks into consideration, it is proposed to search in each edge the engine operating point that minimizes the fuel consumption. In fact, the electrical machine operations and, thus, their efficiency, are highly dependent on the engine torque and speed. Thus, the best system global efficiency has to be found.
To achieve that, in the simulation algorithm, ω ice is sampled from 0 to its maximum value. For each value of ω ice , the nonlinear systems (4)- (10) in Table I are solved to find the engine torque T ice and, thus, the fuel consumption. It means that, on each edge of the graph for each value of ω ice , the engine torque, which solves the systems, has to be calculated.
A good way to solve the system with a minimum computer effort is to sample the engine torque between 0 and its maximum value for a given speed. Then, the battery power P bat_syst obtained for each engine torque and speed couple is calculated and compared with the battery power P bat calculated using the edge SOC variation
where P em1 and P em2 are the electrical power of the electrical machines and inverters, respectively, and P acc is the power of the accessories. Knowing that the electrical machine power is the sum of mechanical power and losses, it leads to
Thus, using (5)- (13) in Table I , T em1 , ω em1 , T em2 , and ω em2 can be expressed depending on T ice , ω ice , and known parameters (ω r and T r ) (see Table II ).
Then, P bat_syst can be expressed as in Table III . On a given edge, δ SOC and, thus, I bat are known. U bat is easily calculated using a battery model. Solving the system then consists of finding T ice , such as P bat_syst = P bat = I bat U bat .
Looking at the evolution of the battery power balance P bat_syst − P bat versus T ice (see Fig. 11 ), a linear interpolation is performed between the nearest positive and negative values to zero. Thus, the engine torque value is calculated for each engine speed, and the corresponding fuel consumption is deduced. The engine speed with the lowest fuel consumption is finally selected as the final cost of the edge. It has been observed that sampling the ICE torque by step of 5 N · m gives good results. No significant changes have been observed in the global fuel consumption or strategy by increasing this precision.
IV. COMPARISON BETWEEN THE TOYOTA HYBRID SYSTEM AND ELECTRIC VARIABLE TRANSMISSION
Here, we present a comparison between THS and EVT. A first comparison is focused on the weight and volume of both topologies. A second comparison is focused on the fuel consumption for the same drive cycle. It should be noticed that THS II is an existing optimized system implemented on commercial vehicles. On the opposite, EVT characteristics are issued from a preliminary study, which could be improved in future developments.
The data for the THS come from different characterizations studies [15] , [24] , [25] . The data from the EVT is issued from previous works using the finite-element method software [12] . The component specifications of Prius II are presented in Table IV.   TABLE IV  TOYOTA PRIUS II 
A. Comparison Elements on Weight and Volume
Figs. 12 and 13 show the cross sections of the two machines of THS and of the EVT. Figs. 14 and 15 shows axial cross sections of the two systems to compare the overall occupied volume. Table V presents Previous studies show that the specifications of the maximum torque and the power of the electrical machine are more or less the same in the two topologies [11] . The length of EM1 of THS and EVT are the same, as well as linear current density. To provide the same maximum torque on EM1 (400 N · m), the EVT external diameter is bigger as it uses surface-mounted magnets instead of buried magnets, as in THS. The THS airgap field is thus higher. It also presents high reluctant torque in addition to the electromagnetic torque. The length of the EVT EM2 machine is higher than that of THS because it is inside the EM1 machine. It is also noted that the slot of the inside EM2 machine and, consequently, the copper volume, are high to avoid cooling problems of the inner rotor.
The work in [11] concentrates on the design of a functional EVT that fits the needed specifications. The optimization of this device is in the perspective of the study. However, the designed EVT already presents relatively good characteristics compared with those of the THS in terms of weight and volume. For the moment, the results give an advantage of approximately 8% of the weight to the THS, whereas the volume of THS is 20% higher than the EVT system.
The EVT can be improved and become more compact. For example, buried magnets can be used instead of surfacemounted magnets. In addition, the copper volume may be reduced, particularly in the inner rotor. The global design of the system can be also improved using a more global sizing approach [26] . This approach has to optimize the size of the different components with different gear ratios, together with the optimization of the energy management parameters [27] , [28] . A global optimization algorithm, including optimal energy management, can be used to calculate the fuel consumption objective. This approach is already in progress on another kind of an HEV in the laboratories of the authors [29] .
B. Fuel Consumption Comparison
A comparison between the simulated optimal fuel consumption obtained using the dynamic programming method is shown in Table VI . The fuel consumption on a normalized driving cycle and more representative driving cycles, i.e., urban, road, and highway conditions [30] , are presented. Charge-sustaining operation is considered, meaning that the battery energy variation over the cycle is zero in every case. Using the same characteristics for the machines in both architectures, it is clear that the EVT fuel consumption is much higher than that of a THS. Table VI shows that it is around 10% higher, whatever the driving cycle is. A study on component operating points and global comparative energy balance is then a good way to understand this overconsumption (see Section II-B).
V. IMPROVEMENT OF THE ELECTRIC VARIABLE TRANSMISSION-BASED SOLUTION
A. Analysis on the EVT Efficiency
To explain the higher fuel consumption of EVT topology compared with THS, an energetic study has been performed [19] . Considering a charge-sustaining operating mode, the total amount of energy is provided by the engine. The major section of this energy goes to the wheel and propels the vehicle. The rest is used in the vehicle auxiliaries and burned in losses. Fig. 16 shows the energy balance of the two architectures. As the same driving cycle is followed by both vehicles, the energy going to the wheel is strictly the same. For the same reason, the auxiliary and final gear losses are exactly the same. Note that this energy is coming from the global balance, including traction and regenerative phases.
This energy balance shows that the main difference appears in the EM2 machine losses. Energy burned in electric EM1 and that in battery losses are not significantly different. The planetary gear losses in the THS (efficiency = 0.97) remains small compared with the difference in EM2 losses.
To explain the higher losses in EM2 in the EVT cases, the operating point of the machine has been represented in a road condition driving cycle (see Fig. 17 ). This figure is the efficiency maps of the EM2 machine plus INV2 inverter. Efficiency is represented by colored lines in torque versus speed area. Operating points of the machine appear in blue.
The EVT EM2 machine operates at relatively high torque, and the speed of EM2 remains low due to the differences between engine speed and driveshaft speed. Thus, even if the optimal control chooses the best system efficiency operation, the machine operates mainly in an area with low efficiency. Moreover, the ICE operates in a worse area with EVT than with THS [19] . The mean specific consumption in road condition is 225 g/kWh with THS compared with 229 g/kWh in the case of the EVT architecture.
To improve the EVT system and reduce EM2 losses, many solutions can be proposed. The EM2 design may be changed by improving the efficiency of the operating area. This could be performed using an iterative design process aiming to optimize system efficiency. Nevertheless, the electrical machines keep a low efficiency at low speed. The EM2 can be scaled and oversized, but it is not desirable for cost and size consideration and will be difficult in the case of a double-rotor integrated machine [11] . The final gear ratio can be changed, but this will also change the EM1 operating points and the global dynamic performances of the vehicle. For these reasons, we consider, in this paper, the insertion of a gear between the engine and the EM2 electrical machine (see Section IV-B) that shifts the operating points of EM2 to a better efficiency region.
B. Result for the New EVT-Based Solution
Considering that, in the case of EVT, the EM2 operates in a low efficiency area, a gear (named ICE-G) can be inserted between the engine and EM2 to increase EM2 speed (see Fig. 18 ). Note that, using a planetary gear with a fixed ring, the volume of this gear can be equivalent to the volume of THS. No supplementary space is thus required.
A parametric study has been performed to find the best gear ratio.
It is supposed that the gear efficiency equals 0.97, which is the same value as the planetary gear efficiency of THS. Fig. 19 shows the optimal fuel consumption obtained with a backward model and dynamic programming versus gear ratio. It is presented for different driving cycles. The diamondshaped points represent the THS fuel consumption. Looking at different driving cycles, a good tradeoff seems to select a gear ratio of 1/2.75. For this ratio, the fuel consumption of both architectures may be quite the same (see Table VII ).
As stated previously, an energetic comparison is performed between THS and EVT with the ICE gear. Fig. 20 is the comparative energy balance in real use condition for the two architectures. It clearly appears that, using an additional gear, the EM2 losses are drastically reduced compared with the original architecture (see Fig. 16 ). This can be explained by looking at the operating points of the ICE and EM2, which have been really shifted to join efficiency areas close to those of THS (see Figs. 21 and 22) when adding a gear. The mean specific consumption in the road driving conditions becomes 222 g/kWh with EVT against 225 g/kWh with THS. It is noted that, in urban conditions, the consumption remains 5% higher. This is mainly due to EM1 losses, which increase as the management chooses the best compromise between EM2 and EM1 efficiency. 
VI. CONCLUSION
The offline optimal control based on dynamic programming has been developed and applied to two SP-HEV topologies. It has been applied to the well-known Prius II and to a virtual EVT-based HEV built with the same components. A comparative study on different driving cycles shows that the EVT fuel consumption is approximately 10% higher than that of the Prius II.
The benefit of including a gear between the engine and the EVT has then been proven. Choosing a gear ratio around 1/2.75 reduces the EVT fuel consumption, which reaches the level of the Prius II consumption.
Concerning weight and volume of the two systems, the first results show values of the same order. Nevertheless, there are many EVT improvement possibilities: burying the magnet, adopting a V-shaped magnet structure, improving the slot shape, and reducing the rotor thickness. The EVT may then be a good alternative to the THS systems. However, the use of a rotating armature fed by power electronics should be carefully studied.
To compare more precisely the performances of both topologies, a more global sizing approach is necessary, and the comparison has to be made with an optimized EVT. Continuing this work, this approach is currently in progress. His research interests include the optimal design of electrical machines for hybrid vehicles.
